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$ $#2 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  ,$!$ 9$, $ A%!#8
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H%$/$ ω1 % ω2 $,$!#(.#2 ,$ $!#,% ∆ /% ,7$% 2P3/2 9$#8# $($$ )6
	/2 ;$7" $, ##$   $ 25+"$  %:($C(# $ $ -* C!!$  ,$ "$
,# 	,.$  $ 9$, $ /,-%. 0".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!$ P1 % P2 ,  $ 	30$$,% /%!#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F = 3,mF = 3 $0%0# $ $* % $,$  $I,$#$ %!!/%!# /% (9$2  
 $  $ $:(% , $$!!$* "9 !,:(  ! " , 	30$$,/%!# F = 3,mF = 3 " $
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/% ,  $ /,-%. 0".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 $,$!#(.#2 %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"?$ 	30$$,!#%-#%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F = 3,mF = 3*  $ A%!# F = 2,mF = 2 ,!# ,:(#$!"#* " %:( $, /%!# !
!$.$-#,7$! %!.$!$ >.,:( ,!#2 $ $#$-#,"!C9$ 7" 2S1/2, F = 3,mF = 3 →
2P3/2, F = 4,mF = 4 ,!#  C9$(,%! $, $!:(."!!$$ 9$
* !"  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8$ .,$$ 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$-C(.#2 ,$ C(.%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$ % /%!# - L$ ":(  %:(  ,$ 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 ω1 
 ω2 ! #
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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=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 |ee〉!
 $!:($ 9$, $ "$ $ $ /$, !$ %#$!:(,$ .,:($ B$H%$/ $,$!#(.#*
 ,$ % 9$, $ "$ "-%!!,$# $ $2 ,$ $,$ &ω1+ ,!# %#$(.9  $! $!#$ 9.%$ $,
#$9 $!*  ,$ /$,#$ &ω2+ "9$(.9  $! $!#$ "#$ $,#$9 $! $!#,#* !"  ?  $
,##$.$# 9$, $ !$$H%$/$ $<-#  $ 8$ $#!0,:(# &!,$($ 992 )2N+2
ω1/2 = ωeg ± δ &)24)+
! ##$ - , /$, %#$!:(,$ .,:($ $,$ 9$#,$9$ $ $2 $ B..  $! !#-$
B$. $!* ,#  $  $, !:($..$! ##$ $.,!,$$ -* ,!# #($"$#,!:( 7$,:-$.#$2
' 	: 
 
,$!$ !".. .! $!#$! 9$( $.# $ $2 :( $,9# !,:(  $ B..  $! .!$ ##$!
.! $,:($ $/.. ,# ,$ ,$ #$!,#8#2
	:::	    <,+<,6
,$! ,!#  $ ..$$,$ B..  $! ##$! ,# !#-$ #$,9$ $ B$. 2  9$, $ B8..$ $ $
C 9$, $ "$ .$,:($ 9,:-$$#$ η1 = η2 = η ,  $ 9,:-$8($%
&η
√
n+ 1 1+ % .$,:($ 9,$H%$/$ Ω1 = Ω2 = Ω 7"%!$!$#/#2 $,#$(, !$#/$
,  = 12
BC !:(:($ $% Ω δ % $% ($  $ $,#$98 $ ν − δ  δ .%#$#  $
	,.#"0$#" , $:(!$.,-%!9,. @
Hint =
i
2
ηΩ
2∑
k=1
(
σ
(k)
+ − σ(k)−
)
·
(
aei(ν−δ) + ae−i(ν−δ)
)
&)244+
,$ ;$$%!.$,:(% C  $ "0#" &, $:(!$.,-%!9,. + -   ,$ ".#
$!:(,$9$ $ $@
i
∂
∂t
U (t) = HintU (t) &)245+
#$ ;$C:-!,:(#,%  $ ".$ $ ;$/,$(%$ /,!:($ /$%%! % $,:(
#%!"0$#"$ % #! % 0%.!"0$#" % %.,0$#"$ % $(,0%.!
"0$#"$
x =
1√
2
(
a + a
)
p =
i√
2
(
a − a) Jy =
2∑
k=1
σ(k)y &)24F+
-   $ "0#" ".$ $?$ !:($,9$@
U (t) = e−iA(t)J
2
y e−iF (t)Jyx e−iG(t)Jyp, &)241+
"9$,
F (t) = −
√
2ηΩ
ν − δ sin ((ν − δ) t)
G (t) = −
√
2ηΩ
ν − δ [1− cos ((ν − δ) t)]
A (t) = − η
2Ω2
ν − δ
[
t− 1
2 (ν − δ) sin (2 (ν − δ) t)
]
&)24N+
	::  (
,.#2  (!$% 9$,-#  $ "0#" $,$ $!:(,$9%  $ B"
(x, p) −→ (x+ JyG (t) , p − JyF (t)) &)24E+
, $9, % ,# $,$ $!:(8-%  $ ,#$$ A%!#8 $  $ "$2  (!$%
, $, $,! ,#  ,%! r =
√
2Jy ηΩν−δ % B.8:($ −A (t) 9$!:(,$9$ &!,$($ 992 )2E+2
BC  ,$ -"$-#$ %:(C(% $,$! ##$! %!! $8(.$,!#$# !$,*  ?    $
 A #

 =  =
 
  /
, A (t) 
.  3
 %?@' A,) 
  $939 %'
A,B)!
/% %!0C.,:($ ,9#,"!/%!# /%C:--$(#2 ,$! $$,:(# * , $   ,$
$#$ !" 8(.#*  ? F (τ) = G (τ) = 0* !
(ν − δ) τ = M 2π &)24R+
$#!0,:(#* "9$,  $,$ /$ A(. ,!#2 $ "0#" 7$$,:(# !,:(   /% U (τ) =
e−iA(τ)J
2
y 2 ,$ <,. 7$!:(8-#$ A%!# 1/
√
2 (|gg〉 − i |ee〉) $$,:(# * $
 A (τ) = −π/2 8(.#2 ,$! ,  %:( ".$ $ ;$ ,% $$,:(#@
ηΩ
ν − δ =
1
2
√
M
, M ∈  &)24Q+
,$ A$,# /% %:(C(% $,$! !".:($ ##$! 8$    %:(
* 	: 
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
 D * 0,
  #2   ,
/! #  -
     , $   νt = 130 
 #2 ρgg,gg 8    "1  ρgg,ee8 
 ρee,ee 
    >  ρgg,ee! # 2 1,
*
  
 *
, t ≈ 250 ν−1 ! # 1 =
C M = 2, δ = 0, 95 ν, η = 0, 1 
 Ω = 0, 177 ν!
τschnell =
π
ηΩ
√
M &)256+
$$9$* ! 9$, $,$ 9,$H%$/ 7" Ω = 0, 1 ν % $,$ 9,:-$$#$ 7"
η = 0, 1 ,# ν = 2π · 500 -	/ % M = 1 $,$ ##$/$,# 7" τ = 100 µ! $#!08:($2
992 )2R !#$..#  ,$ /$,#.,:($ #,:-.%  $ ,:(#$#,<$.$$#$  2 ,$ "9$!#$ %7$
!#$..#  ,$ ;$!$#/%  $! $$,!$ % /%!# |gg〉  2  !,$(#*  ? !,$ 9$, t ≈
250 ν−1  $ $# 6*1 $$,:(#* "  $ 7$!:(8-#$ A%!# 1/
√
2 (|gg〉 − i |ee〉) $$,:(#
, 2
	::: 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,+<,6
,$ ;$ ,% C  $ $/.. !:(:($ $% ,!# ηΩ  ν − δ2 ",# !, !""(.
F (t) .! %:( G (t) C ..$ A$,#$ 7$:(.8!!,9 -.$, % $$ U (t) = e−iA(t)J
2
y ,!#
 ,$ ,#$$ A%!# !$#,:-.% %9(8, 7"  $ !/,..#,"  $ "$ ,  $ B..$*
! .$#/#$ .,:( /% !,%!>,$ 9,"!/,..#,"$  $ ,#$$ A%!#8 $ C(# &!,$($
992 )2Q+2
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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 I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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  #2   
 /! #  -
     , $  ν t =
1000   #2 ρgg,gg 8    "1
 ρgg,ee8   ρee,ee 
    >  ρgg,ee! # 2
1, *
  
 *
, t ≈ 1600 ν−1 ! # 1
= C δ = 0, 9ν8 η = 0, 1 
 Ω = 0, 1ν! #  
B
   (    .1,
8 
 
 ηΩ ν − δ   
   !
,$ ##$/$,# $,9# !,:( /%@
τlangsam = 2πM
ν − δ
(ηΩ)2
 2πM 1
ηΩ
= 2
√
M τschnell &)25)+
,$!$ B.. - %:( ,##$.! #>%!#($",$ /$,#$  % 9$$:($# $ $2
B..! !,:( 9$, $ "$ , % /%!# 9$I $* .%#$  ,$ $,/,$ $$,$$(.#$ $
9$8$@
|gg, n〉 −→ (|eg, n ± 1〉) −→ |ee, n〉 &)254+
|gg, n〉 −→ (|ge, n ± 1〉) −→ |ee, n〉 , &)255+
"9$,  ! ,##.$$* 7,#%$..$ ,7$% %9$!$#/# 9.$,9#* ..!  ,$ $!#,% /% 8:(!#$
$.$ ,7$% "? $% $8(.# % $2
$#/#  ,$ 9$, !:($..$ ##$ .$,:($ 9,:-$$#$ η1 = η2 = η , 9
,:-$,,# &η
√
n+ 1  1+ % .$,:($ 9,$H%$/$ Ω1 = Ω2 = Ω 7"%!* $,9# !,:(
".$ $ 9$!9,$H%$/ Ω̃ /% 9$ |gg〉 ←→ |ee〉 &)254U)255+* ..! .!
2 	: 
 
A,!:($/%!#8 $ %  ,$ A%!#8 $ |eg, n + 1〉 % |ge, n − 1〉 9$C:-!,:(#,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m
d2x
dt2
+
e(UDC − URF · cos Ωt)
r20
x = 0
m
d2y
dt2
− e(UDC − URF · cos Ωt)
r20
y = 0 &425+
m
d2z
dt2
= 0
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ax = −ay = a := 4 eUDC
mΩ2r20
qx = −qy = q := 2 eURF
mΩ2r20
ξ :=
1
2
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d2ρ
dξ2
+ (a− 2q cos 2ξ) ρ = 0, ρ ∈ {x, y} &421+
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P (ξ) =
∞∑
n=−∞
C2n exp (2niξ) &42N+
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ρ (ξ) = Γ eµξ
∞∑
n=−∞
C2n exp (2niξ) + Γ′ e−µξ
∞∑
n=−∞
C2n exp (−2niξ) , β /∈ i β = µ
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ρ (ξ) = A
∞∑
n=−∞
C2n cos (2n+ β) ξ +B
∞∑
n=−∞
C2n sin (2n+ β) ξ &42R+
=
√
A2 +B2
∞∑
n=−∞
C2n cos [(2n + β) ξ − Φ] β /∈ i &42Q+
,# tan Φ = B/A2
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ρi (t) ≈ ρ0i cos(ωsec,it+ φsi)
(
1 +
qi
2
cos(Ωt)
)
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ωsec,i =
1
2
Ωβi =
1
2
Ω
√
ai +
1
2
q2i , &42))+
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ρ (t) = ρ̄+ ξ (t) , ξ (t) = −ξ0 cos Ωt &42)4+
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mρ̈ = Fρ = eE0 cos Ωt , &42)5+
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ξ (t) = −ξ0 cos Ωt ξ0 = eE0
mΩ2
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F̄ = 〈Fρ(t)〉 = 〈eE0(ρ(t)) cos Ωt〉av = 0 &42)1+
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E0(ρ) = E0(ρ̄) + [∂E0(ρ̄)/∂ρ̄] ξ,
∣∣∣∣[∂E0(ρ̄)/∂ρ̄] ξ0
∣∣∣∣
∣∣∣∣E0(ρ̄)
∣∣∣∣ &42)N+
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F̄ (ρ̄) = e 〈E0(ρ̄) cos Ωt+ [∂E0(ρ̄)/∂ρ̄] ξ cos Ωt〉av
= e[∂E0(ρ̄)/∂ρ̄] 〈 ξ cos Ωt 〉av
= −e2[∂E0(ρ̄)/∂ρ̄]E0(ρ̄)/(2mΩ2) &42)E+
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F̄ (ρ̄) = −e∂ψ (ρ̄) /∂ρ̄ , ψ (ρ̄) = e|E0(ρ̄)|2/(4mΩ2). &42)R+
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ψ(x̄, ȳ) =
e| E0(x̄, ȳ)|2
4mΩ2
=
e|∇Φ|2
4mΩ2
&42)Q+
= ψ0
x̄2 + ȳ2
r20
, &4246+
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4mΩ2r20
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ωsec =
√
2eψ0
mr20
=
√
e2U2RF
2m2Ω2r40
=
1√
8
qΩ &4244+
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ψ(x̄, ȳ) = ψ0
x̄2 + ȳ2
r20
+
1
2
UDC
x̄2 − ȳ2
r20
&4245+
=
(
Ψ0 +
1
2
UDC
)
x̄2
r20
+
(
Ψ0 − 12UDC
)
ȳ2
r20
&424F+
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e ψ(x̄, ȳ) =
m
2
ω2sec,x x̄
2 +
m
2
ω2sec,y ȳ
2 &4241+
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ωx/ysec =
2 e
m r20
(
Ψ0 ± 12UDC
)
=
1
2
(√
q2
2
± a
)
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 
 7, 65 $
    24+ 32S1/2 → 32P1/2; 32P3/2
  λ = 280, 270 nm; 279, 553 nm
  Γ = 2π · 42, 7MHz
 
 ωA = 2π · 1, 07287 · 1015 	/
  
 τR = 3, 75 !
 
 Isat = 2π
2cΓ
3λ3
= 255, 5mW/cm2
 !"# ER = 10µ
 !"#
 ωR = 2π · 106 kHz
 $%"	 TDoppler = 1, 0mK =̂100ER
 %  24+ I = 0
 %  25+ I = 5/2
A
A  #	
 %  26+ I = 0
 &'

   (
 
   25+
ωHFA = 1788763128(162) 	/
 	

24+→ 25+* BP4A%!# @ 6*11 	/
24+→ 25+* BP5A%!# @ 4*5F 	/
24+→ 26+@ 5*61 	/
  ) gF  25+
32S1/2 32P1/2 32P3/2
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Anhang B


 


113@ F*5\
115@ Q1*E\
 

5, 79 $
 	   115+0 &10*BP QU4+ −→ (31*B+
F = 7/2@ (43349, 30 ± 0, 02) :−1
F = 9/2@ (43350, 36 ± 0, 02) :−1
F = 11/2@ (43351, 62 ± 0, 02) :−1
 &'


A
(
3P1
)
P ( 0, 232 ± 0, 003) :−1
B
(
3P1
)
P (− 0, 016 ± 0, 014) :−1
 	
 1	 115+
 113+  10 −→321
ν113 − ν115 = (0, 696 ± 0, 007) 	/
  

τ(31) @ (0, 44 ± 0, 04)µ!
τ(30) @ (0, 195 ± 0, 005)!
 
  10 →321
Isat = 3, 837 /:2
A0
A; 6 %
 !"#

ωR = 2π · 33 kHz
Anhang C
$%
&		
- 9+  
	
$ .",#(%! 9$!#,#  ,$ ,/(.-#"$ $,$ A(. , $,$ A$,#  ,$ 0".3",.
7"  $ 8$  $ A(. 9(8#* "(,$$ $, -.!!,!:($ "0%#$  ,$! % ,# $,$
$<0"$#,$..$ A$,#!#,$ 9$8.#,$ C $2 A$,#  $%#$# ,  ,$!$ A%!$( %  ,$
/(.  $ :(,##$ (,* $.:($ /% >!%!I % >#, !, 2
,$ B-#",!,$% $,$ A(.  .8?# !,:( % $, 8H%,7.$#$! "9.$ /%C:-C($2 8
.,:(  ,$ ;$!#,%  $ $," $   $ B%-#,"
FN (a) := ya MOD N = FN (a+ r) , a = 0, 1, 2, . . . , N2 − 1 , &2)+
"9$, 3 $,$ ,..-C.,:( $8(.#$ A(. ,# &*3+ P ) ,!#2
 8:(!#$ 9!:(,## , -. $ $ ,$  $ A%!$( /,!:($  $ $," $
 ,$!$ B%-#," %  $ ,-#"$ 7"  ,!#2 ;$#:(#$ , /%$!#  ,$ $$ $
"%$/
x2 ≡ 1 MOD N , &24+
 5-  -"   6$"  HK=I
A>
A@ * (


$.:($ ,$  ,$ !"$#$ ,7,..>!%$ x ≡ ±1 MOD N 9$!,#/#2 B..!  $,$
%$ $ ,/(. 0 ,!#*   !,  ,$!  ,$  >!%$2 B..! L$ ":(  /%!
$$!$#/#* .!" 7"  $ B" N = p1p2 &p1 % p2 ,/(.$+ ,!#*   ,9# $! %:(
":(  $$ ,:(##,7,.$ >!%$  $ B" x ≡ ±a MOD N ,# a = 12 BC  ,$!$ ,.#*
 ?  $ >?#$ $$,!$ $,.$ 7" a± 1 %  $, B-#" 7"  ,!#2 BC $,$ ;$$,!
,##$.!  $! (,$!,!:($ $!#!#/$! !,$($ D46)* 464G2
B..!  $,$ ,:(##,7,.$ >!% < 7" 2) (#* -  !:($.. $,$ ,:(##,7,.$
B-#" 7"  I $2 ".:( $, < I $#  ,$ ".#2 8(.$ 9$, $$9$$  $, /%8..,$!
y < N 2 B..! C 3 %  ggt(y,N) = 1 ,.# %   ,$  % 7" 3   ,!#* ,.#
.!"
yR ≡ 1 MOD N. &25+
$.$,:( ,# 2) .8?# $-$$*  ?  ,#  $ $," $ 7"  FN (a) C9$$,!#,#* 2(2
 P 2 B..!  $ $ ,!#* 8$
x = y
r
2 &2F+
$$ x2 = yr ≡ 1 MOD N $,  , # C %!$$ ,:(##,7,.$ >!%  7" 242 A$,
B-#"$ 7"  !, .!" &< ± )*+ P &y r2± )*+2 B..!  ,$!$ B-#"$ ":(
-$,$ ,/(.$ !, -  $ .",#(%! ":(.! % !,$ $,/$. $ # $ $2
$ .",#(%! %-#,",$# ,:(# ..!  %$ $ ,!#T  - L$ ":( /$,$*  ?  ,$
-"9,,$#$ (!:($,.,:(-$,#*  ?  $ $ ,!# % y
r
2 = ±1 MOD N ,!# &.!"*  ? $!
$,$ ,:(##,7,.$ >!% /% 24 ,9#+ >?$ .!
1− 1
2k − 1 &21+
,!#* ..!  7"  $ B"
N = pα11 · pα22 . . . pαkk &2N+
,!#2
A% ..%!##," ".# L$#/# $, $:($9$,!0,$. C  $ $,:($ B..  P )12 /% !#$..$
,:( ":(.!  $ .",#(%! , 0-#,-9.$ %/" 7"2
 . $ . $  B #"  x2 − 1 ≡ (x− 1) (x+ 1) ≡
0 MOD p x− 1 ≡ 0 MOD p  x+ 1 ≡ 0 MOD p $"
 . +)   ", R G  8   $8 R , 
 9  2  93  ,
* 6	 	
 	
	 8 FN AA
)2 8(.$ y < N !"*  ? &3*+ P ) ,!#
42 ;$!#,$  ,$ $," $   $ B%-#," FN (a) := ya MOD N
52 A$, B-#"$ 7"  !, &y
r
2 ± 1*+2
 $!#$ :(,## -  .!" $,$ A(. %!  $ $$ {2, 4, 7, 8, 11, 13, 14} %!8(.$2
, 8(.$ 3 P )) % $:($ , /$,#$ :(,##  ,$ B%-#," 11α MOD 15 C α =
1, 2, 3, . . . %!2 ,$! $,9# ))*)*))*)*))*. . .* "%!   P 4 $(8.#2 x = y
r
2 9$$:($# !,:(
/% < P )) %  ,$ B-#"$ 7"  P )1 !, !:(.,$?.,:( &)))*)1+ P 1 % &))J)*)1+
P 52
- 9	  : 3 FN
,$! ,!#  $ $#!:($, $ $* ":( $(.$ $ :(,## , (".",#(%!2 /% , $,
=%#$$,!#$* 9$!#$($ %!  ;,#!* "9$,  /,!:($ N2 % 2N2 $8(.# , * ,
$,$ .$,:($,:(#$#$ %0$0"!,#," ..$ 2m ;!,!/%!#8 $  $ B" |0〉 |1〉 . . . |1〉 |0〉2 ,$!
$!:(,$(# ,# 	,.$  $ %,#8$ 	  !"#,"* $.:($ ,  $ =%9,#;!,! $,$!
$,/$.$ =%9,#!* ".$ $?$ $!:(,$9$ , @
T =
1√
2

 1 1
1 −1

 . &2E+
,  ,$!$ !"#," 9$, $,$ =%#$$,!#$*  ! !,:( , % /%!# |0〉 . . . |0〉
9$I $#* % L$ $! =%9,# $,/$. $ #* !" $,9# !,:( ,# Â .!  $  ,$ $!#$
!"#," 9$/$,:($ $ 0$#"
|Ψ〉 = Â |0〉m =
mMal︷ ︸︸ ︷
T |0〉T |0〉 . . . T |0〉 = 1
2m/2
2m−1∑
x=0
|x〉 , &2R+
"9$,  ,$  $/,.$ !#$..% 7" |x〉 $8(.# % $ &!,$($ 0,#$. )2)+2
%(, $ $ ,# $,$ $,/,$ %,#8$ !"#," ..$ B%-#,"!$#$ 7" FN
, /$,#$ $,!#$ 9$$:($#2 $ !,:( $$9$ $ A%!# .%#$# .!"
1
2m/2
2m−1∑
x=0
|x〉 |FN (x)〉 = 12m/2
2m−1∑
x=0
|x〉 |yx MOD N〉 &2Q+
AD * (


% , %  /$,#$ $,!#$ $,$ $!!%  %:($C(#*  ,$ /2;2  $ $# z MOD N
.,$$#* $.:($ ,  $ B" y MOD N C $,  ≤ r $!:(,$9$ $ $ -2  FN
0$," ,!:( ,!#* ,!#  $ A%!# , $!#$ $,!#$ $ %/,$# " $ % <$#$ 7"
x = ,  + r,  + 2 r, . . . ,  + A r* "9$, A  ,$ >?#$ /$ A(. -.$,$ .! (q − ) /r ,!#2
 ≤ r % $ /%8.., 7"  $ $!!% %!$8(.# % 7,,$# 7" $!!% /% $!!%2 !
,!#  ≤ r < N % 2m ≈ O (N2)* !"  ? A ≈ 2m/r ,!#2 $ $!!%  $! $!#$ $,!#$!
,!# .!" :(  $ $!!%
|Φ〉 = 1√1 +A
A∑
j=0
|j r + 〉 &2)6+
 %  ,$ $," ,/,#8# /% $(.#$ , %  $ A%!# %! .2 2)6 $,$ =%#$"%
,$#!" &=B+ 9/2 % $#! $%$ /% !$,* $,$  ,!-$#$ B"%,$#!"#,"
/%  $ ;!,!/%!#8 $ |x〉* 9-C/$ DFTx $#*  $ B"
DFTq : |x〉 −→ 12m/2
2m−1∑
y=0
exp
(
2πixy
2m
)
|y〉 &2))+
$ #2
  ,$ B"$. $#! $,:($ /% (.#$ 9$!:(8-$ , %! %  $ B..*  ?  2m
$<-# #$,.#* $! ,.# .!" A = 2
m
r − 12 .2 2)) .8?# !,:(   !:($,9$ .!
√
r
2m
2m
r
−1∑
x=0
|x r + 〉 =
2m−1∑
y=0
f (y) |y〉 , &2)4+
"9$, f (y) =
√
r
2m δy,x r+ ,!# ,# x = 0, 1, . . . ,
2m
r − 12 ;$, $ %  $  ,!-$#$
B"%,$#!"#," %  ,$!$ A%!# $(8.#   $ A%!# 
DFTx |Φ〉 =
∑
z=0
f̃ (z) |z〉 , &2)5+
"9$,  ,$ 0.,#% $ f̃ (z)  ,$  ,!-$#$ B"%,$#!",$#$ 7" f (y) ,!#2 ,$ ,!# %.$,:(
%..* ..! / $, ,$.:($! 7" 2m/r ,!#2 ;$, $,$ $!!%  $!#$ $,!#$ $(8.# 
% ,# $,$ (!:($,.,:(-$,# 0"0"#,". /% |f̃ (n 2m/r) |2  $ $# n 2m/r* "9$, 
$,$ #C.,:($ A(. ,!#2   9$-# ,!#* $(8.#  :( $,$ $!%:($ ,# ("($
(!:($,.,:(-$,#  ,$ $," $ 2
 .$#/#$ :(,## ,  $ 0"99,.,!#,!:($ (-#$  $ $:(% 9$!" $!  $%#.,:(2
$ .",#(%! .,$$# ,:(# ,# )66 \,$ (!:($,.,:(-$,#  ! $C!:(#$ $9,!2
* 6	 	
 	
	 8 FN AI
M  I
 	
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 * 	

! # /
, f (y) 
 
  /
 f̃ (z)!  3
  *
  
	/ 1    ,  
 |f̃ (n 2m/r) |2
  n 2m/r8      * ! # 1  
 3
  = !
,$.$( ,!# $! "#$ ,*  $ .",#(%! >#$! ,#  $!$.9$ ,9$ .%$ /% .!!$2
  $ =%#$.",#(%! 9$ $<0"$#,$.. !:($..$ .!  $ $#!0$:($ $ -.!!,!:($
,!#* 9.$,9# $ !$.9!#7$!#8 .,:(  $ -.!!,!:($ 7"/%/,$($2
Anhang D
$  '
:( C($ (,$/% /$, ;$$,!$ *  $ $!#$ ,!# /% ..%!##," $, $($ 0(3!,-.,!:($
;$$,!*  $ /$,#$ ".# %! $,$ $,:($ #/ %! $,$ ".$!% C9$ #,$..$
,M$$#,..$,:(%$2
31     4	1
$, Ω ⊆ N $, $9,$#2  9$!,#/#  ,$ (",!:($ B%-#," Ψ*  ,$  $ 0.:$.$,:(%
∆Ψ = 0 $C# , Ω -$, <#$%2
;$$,!@
$, r = 0  $ ,##$.0%-#  $,$ %$. BR ⊃ Ω2 ,  ,M$$/,$$  $ ,##$.$# 7"
Ψ %  $ %$."9$W8:($ :(  $ %$. ,%!@
∂
∂R
∫
∂BR(0)
dΩ
4π
Ψ(R, θ, φ) =
∫
∂BR(0)
dΩ
4π
∂
∂R
Ψ = &2)+
1
4πR2
∫
S
dS · ∇Ψ = 1
4πR2
∫
V
dr∆Ψ = 0 &24+
9$, ,!#   ! %$.7".%$ %   $!!$ 9$W8:($2 ! % $ .!" $/$,#*  ?  $
,##$.$# ,:(# 7" %$. ,%! 9(8# % !",# .$,:( !$,$ R −→ 0 $/$#*.!"
 $ $#  ,##$.0%-# !$, %?2 !# % 9$  $ /$#.$ $# .$,:(  $ ,##$.$#
 $ 9$W8:($ 7" Ψ * !" - , %$.,##$.0%-# -$, <,% " $ ,,% 7"
Ψ !$,2 ! 9$ $%#$#*  ?  ! <#$% 7" Ω̄ %  $  ∂Ω $"$ , 2 !
,!# .!" -$,$ !#9,.$ 0$,:($% $,$! $,.:($! , $.$-#"!##,!:($ B..$ >.,:(2
DJ
D
"9 /% /$,#$ ;$$,! $,$ $I,#," %!  $ ".$!% 7"  $! 	,/ D465G2
5 67/7 !# u ∈ C (Ω)* Ω ⊂ d "M$* !" ($,?# % 
 A
)8
$
∀ 0 ≤ ϕ ∈ C∞0 (Ω) :
∫
u (x)∆ϕ (x) dx ≥ 0 (≤ 0) . &25+
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*9 ,# a ≥ b > 02 ! ,9# $,#$$ /$ A(.$ H % 
:* !"  ? q b+ c = a ,# 0 ≤ c < b ,.#2  ,!#
ggT (a, b) = ggT (b, c) , &2)+
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$C(# $ $2 %!$($ 7"  $ 9$$,#! 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.>!%$+  $ #(,$%!:($ ,M$$#,..$,:(%* , C9$ "$O/,$#$7$.$,:( $,$
$-%!,"!"$. C  ,$ "$O/,$#$ C2n $% $ D46FG2 %! -  $,$ %!
 %:- C  $ 8-%.0$#$ β , 9(8,-$,# 7"  $ $#$  $ #(,$%!:($
,M$$#,..$,:(%  % H I $2   $ 8($% |a|, |q| 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$(#  ,$ >!% 42R ,
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ρ (ξ) = A
∞∑
n=−∞
C2n cos (2n+ β) ξ +B
∞∑
n=−∞
C2n sin (2n + β) ξ , &B2)+
"9$,  % ; #$#,"!-"!##$ !, *  ,$ % 7"  $ !$#$ 9(8$2
$#/#  "2;2 22 ρ̇ (0) = 0* !" ".#
ρ (ξ) = A
∞∑
n=−∞
C2n cos (2n+ β) ξ &B24+
ρ̈ (ξ) = −A
∞∑
n=−∞
C2n (2n+ β)
2 cos (2n+ β) ξ &B25+
$#/#   ,$! ,  ,$ #(,$%!:($ ,M$$#,..$,:(% ρ̈ + (a− 2q cos 2ξ) ρ = 0 $,* !"
$,9# !,:(@
0 =
∞∑
n=−∞
{
C2n
(
a− (2n+ β)2
)
cos [(2n+ β) ξ]− 2q C2n cos 2ξ cos [(2n+ β) ξ]
}
&B2F+
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cos [(2n+ β) ξ] cos (2ξ) =
1
2
{cos [(2 (n− 1) + β) ξ] + cos [(2 (n+ 1) + β) ξ]} &B21+
$(8.# 
0 =
∞∑
n=−∞
{
C2n
(
a− (2n+ β)2
)
cos [(2n+ β) ξ]
− q C2n { cos [(2 (n− 1) + β) ξ] + cos [(2 (n+ 1) + β) ξ]} } &B2N+
% -  %:( %$,$%  $! %I ,/$! % "$O/,$#$7$.$,:(  $! B-#"$
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C2n
[
a− (2n + β)2
]
− qC2n+2 − qC2n−2 = 0. &B2E+
$,:(# $(8.#  ".$ $ B"
C2n
C2n−2
=
q
a− (2n+ β)2
[
1− q
a− (2n + β)2
C2n+2
C2n
] &B2R+
%:( $-%!,7$! ,!$#/$  $!$.9$ B"$. C C2n+2C2n $.#  /%
C2n
C2n−2
=
1
q−1
[
a− (2n + β)2
]
− 1
q−1
[
a− (2n + 2 + β)2
]
− 1
q−1
[
a− (2n+ 4 + β)2
]
− 1
. . .
&B2Q+
9$!" $,9# !,:(
C2n
C2n+2
=
1
q−1
[
a− (2n + β)2
]
− 1
q−1
[
a− (2n − 2 + β)2
]
− 1
q−1
[
a− (2n− 4 + β)2
]
− 1
. . .
&B2)6+
.$,:(!$#/$  $ %! C:-$ C C0C−2 &%! B2Q+ % 
(
C−2
C0
)−1
&%! B2)6+ $,9# %$.>!#
:( β2@
β2 = a +
q2
(β + 2)2 − a− q
2
(β + 4)2 − a− . . .
+
q2
(β − 2)2 − a− q
2
(β − 4)2 − a− . . .
&B2))+
D>
BC |a|, |q|  1 ,!# |β|, |a|  22 ,# $,9# !,:(
β2 = a+
q2
2
&B2)4+
;$,  $ $-%!,"  $ C2n -  !,:( ,  $  ,9#,!:($ 8($% % n ∈ {−1, 0, 1}*
.!" % C−2, C0 % C2 9$!:(8-$*    ,$  $$ "$O/,$#$ !:( $$ %.. !#$9$2
! $,9# !,:(
C2 = C−2 = −q4 C0 &B2)5+
$#/#   ,$! , B24 $,* !" $(8.# 
ρ (ξ) = A
∞∑
n=−∞
C2n cos [(2n + β) ξ]
= AC−2 cos [(−2 + β) ξ] +AC0 cos [βξ] +AC2 cos [(2 + β) ξ]
= A
(
−q
4
)
C0 (cos βξ cos 2ξ + sin βξ sin 2ξ)
+ A
(
−q
4
)
C0 (cos βξ cos 2ξ − sin βξ sin 2ξ) +AC0 cos βξ
= AC0
[
1− q
2
cos Ωt
]
cos
(
β
2
Ωt
)
, &B2)F+
"9$, , .$#/#$ :(,## ξ = Ωt2 $,$!$#/# % $2 	,$,# ,!#  .!" 9$,  $ %! %:-
$.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〈m| eiη(a+a) |n〉
BC m ≥ n ,.#@
〈m|eiη(a+a)|n〉 = e− 12η2〈m|eiηaeiηa|n〉
= e−
1
2
η2〈m|eiηa
n∑
l=0
(iη)l
1
l!
√
n(n− 1) · · · (n− l + 1)|n− l〉
= e−
1
2
η2〈m|
n∑
l=0
∞∑
k=0
(iη)l+k
1
l!k!
√
n(n− 1) · · · (n − l + 1)
·
√
(n− l + 1)(n − l + 2) · · · (n− l + k)|n− l + k〉
= e−
1
2
η2
n∑
l=0
(iη)2l+m−n
1
l!(m+ l − n)!
√
n!
(n− l)!
√
m!
(n− l)!
= im−ne−
1
2
η2ηm−n
√
n!
m!
n∑
l=0
(−1)lη2l 1
l!
(
m
n− l
)
= im−ne−
1
2
η2ηm−n
√
n!
m!
Lm−nn (η
2) , &2)+
"9$, Lαn $, 7$..$$,$#$! %$$".3" ,!#@
Lαn (x) =
n∑
m=0
(−1)m
(
n+ α
n−m
)
xm
m!
. &24+
D@
DA
 7$..$$,$# .$,:(# %@
〈m|eiη(a+a)|n〉 = i|m−n|e− 12η2η|m−n|
√
min(n,m)!
max(n,m)!
L
|m−n|
min(n,m)(η
2) &25+
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	  + 〈n〉 = 516
(
Γ
ωz
)2
 $	
A% 	$.$,#%  $ B"$. F2E 9$#:(#$#  /%$!#  ,$ /$,#.,:($ 9.$,#%  $! 
#%!$#$!  $! 	,.#""0$#"!* .!"  ,$ ;,./ 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#$2 BC $, $,
/$.$!* $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d
dt
〈H〉 = Iσ0
ωL
∑
n
Pn
∑
f
(Ef − En + ER) | 〈Ψn| eik·R |Ψf 〉 |2 ·g (ωL − (Ef − En) /) ,
&	2)+
"9$,   ,$ #$!,#8#* σ0  $ $!"#$ ("#"$!#$%H%$!:(,## % Pn  ,$ ;$!$#/%!
(!:($,.,:(-$,#  $! #$ :(,%!,7$%!  $ $,$ En =  ωz (n+ 1/2) % 
$..$%-#," |Ψn〉 = |n〉 ,!#2 g (ω) ,!#  ! ,,$0"I.2 BC $, 4,7$%#" ,.#@
g (ω) =
Γ2/4
(ω − ω0)2 + Γ2/4
. &	24+
B..!  ,  ,$!$ %! %:- η 9,! /% )2  % 9$C:-!,:(#,#* $(8.#  C  !
#,<$.$$# 〈Ψn| eik·R |Ψf 〉 ".$ $ %! %:-@
DD
DI
〈Ψn| eik·R |Ψf 〉 = 〈Ψn| 1 + i η
(
a + a
)
+ . . . |Ψf 〉
= δnf + iη
√
n δn−1,f + iη
√
f δn,f−1
| 〈Ψn| eik·R |Ψf 〉 |2 = δnf + η2n δn−1,f + η2f δn,f−1
B..!   ,$!$! $9,! , .2 	2) $,!$#/# $(8.# @
d
dt
〈H〉
=
Iσ0
ωL
ER
[
g (ωL) +
(
ER
ωz
− 1
)
〈n〉 g (ωL + ωz) + (1 + 〈n〉)
(
ER
ωz
+ 1
)
g (ωL − ωz)
]
=
Iσ0
ωL
ER
[
g (ωL) +
(
η2 − 1) 〈n〉 g (ωL + ωz) + (1 + 〈n〉)
(
η2 + 1
)
g (ωL − ωz)
]
=
Iσ0
ωL
ER {〈n〉 [g (ωL − ωz)− g (ωL + ωz)] + [g (ωL) + g (ωL − ωz)]} , &	25+
"9$, 〈n〉 =∑n n Pn  ,$ ,##.$$ ;$!$#/%!/(.  $ !/,..#"/%!#8 $ ,!#* % η2$$
,  ,$!$ 8($% 7$:(.8!!,# % $2
  $ .$,:($,:(#!/%!#   $  $ C(.0"/$ % !##,"8 ,!#* ,.# ddt 〈H〉 = 02
	,$%! ".# C  ,$ ,##.$$ ;$!$#/%!/(. 〈n〉 %#$ %!%#/% 7" Γ  ωz % 
ωL = ω0 − ωz &)2 "#$! $,#$9 +@
〈n〉 = − g (ωL) + g (ωL − ωz)
g (ωL − ωz)− g (ωL + ωz)
=
5
16
(
Γ
ωz
)2
&	2F+
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b1 9$$/#* C  ,$ β = 0 % β = 1 !, 2 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:( D46FG
$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a0 = −12q
2 +
7
128
q4 − 29
2304
q6 +
68687
18874368
q8 + . . . &2)+
b1 = 1− q − 18q
2 +
1
64
q3 +
1
1536
q4 +
11
36864
q5
+
49
589824
q6 − 55
9437184
q7 − 265
113246208
q8 + . . . &24+
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 
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! ,!# 9,! /% :(,##0%-# 7" −a0 % b1  %:( −a0 $$9$*
 :(  %:( b12 $ :(,##0%-# 7" −a0 % b1 $,9# !,:( /% qs = 0, 706T  !  $
 $! #9,.,#8#! ,! /% qmax = 0, 9092 $ $/$# 9$, qs ,!# $$9$  %:(
a (qs) = 0, 2372
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 $  %$ Jn (z) &z ∈ + !, >!%$ /% ;$!!$.!:($ ,M$$#,..$,:(% C
y (z)@
z2y′′ + zy′ +
(
z2 − n2) y = 0 y, z, n ∈  &'2)+
 ..$$,!#$ B.. - n ∈  $.#$* , "..$ %! L$ ":( %  $ B.. n ∈ 
9$!:(8-$2  992 '2) -   ,$ ;$!!$.%-#,"$  $  %$ 6 9,! 5 &J0 9,!
J3+ .! B%-#," $,$ $$..$ ,9.$ !$($2  9$..$ '2) !,  ,$ $!#$ 7,$ 0"!,#,7$
%..!#$..$  $ $!#$ N ;$!!$.%-#,"$ %$C(#2
 !,$(# .!"*  ? 9,! M = 2, 405  $ 8$ -$,$ %..!#$..$ (# % $,#$(,*  ? 9,!
M = 1, 435  $ 8$ >?$ .! ..$  $$ $,#$98 $ ,!#2
BC ;$!!$.%-#,"$ $!#$ ##% $ /(.,$  % ,.#@
1 LJ L L L0 L; L>
 !;J> 0!D0 >!0> @!0AI A!>DD D!AA
 >!>J A!J@ D!;A I!A@J !J@; !00I
0 D!@>; J!A0 !@J 0!J> ;!0A0 >!AJJ
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 J
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J n
(z
)
z
 H 
,  
 J  7 AJ0  J3)  /
,
   .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 !
J−n (z) = (−1)n Jn (z) z ∈  &'24+
Jn (−z) = (−1)n Jn (z) z ∈ . &'25+
,$ ;$!!$.%-#,"$ #%:($ .! "$O/,$#$ ,  $ %$#$#,:-.%  $ /$%$
 $%-#," e
z
2(s− 1s ) %@
e
z
2(t− 1t ) =
∞∑
n=−∞
Jn (z) tn z ∈ , t ∈  \ {0} &'2F+
%!  $ B%-#,"$#($",$ $,? *  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